Abstract. Diffeomorphisms of the two torus that are isotopic to the identity have rotation sets that are convex compact subsets of the plane. We show that certain line segments (including all rationally sloped segments with no rational points) cannot be realized as a rotation set.
When x n = x 0 + nα,f is a skew-product, and the theorem follows rather easily from the ergodic averaging over the circle rotation by α [13, 16] -see also [21, 32] . (In particular, the irrationality of α is clearly essential.) At the same time, such real-analytic skew-products f exist with α and β independent over Q that are not uniquely ergodic (see 4.5 [13] 1 ). This shows that the dynamics of f may be nontrivial and that the obvious generalization of the theorem to the higher dimensions fails. Indeed, letf : R 2 → R 2 be a lift of such an exotic example with two different ergodic measures µ 1 and µ 2 , and pick a continuous φ : T 2 → R with φ dµ 1 = φ dµ 2 . For the map (x, y, z) → f (x, y), z + φ((x, y) mod Z 2 ) , which is in Diff 0 (R 3 ), we have lim n→∞ x n /n = α and lim n→∞ y n /n = β regardless of the initial condition (x 0 , y 0 , z 0 ), while lim n→∞ z n /n fails to have a common value: it equals φ dµ i for µ i -typical (x 0 , y 0 , z 0 ), i = 1, 2.
In order to further connect with existing literature, let us recast our result in a slightly more general form. Recall the rotation set ρ(f ) off ∈ Diff 0 (R d ),
This is to say that ρ(f ) collects all the limits points of the sequences of the form
where k i → ∞ and p i ∈ R d . (The R d containing ρ(f ) is rightfully thought of as the real homology group H 1 (T d ) but we suppress this distinction, cf. [9] .) The set ρ(f ) is always compact and connected [28] . In dimension d = 2, ρ(f ) is also convex [28] and much is known about its relation with the dynamics [6, 29, 25, 19, 17 ], yet it is still open what convex sets can be realized as rotation sets [18, 20] . Thanks to Theorem 1.1, we now know that the vertical segments over an irrational number are precluded. The following is an easy generalization obtained by conjugation and flow-equivalence (see Section 2).
Theorem 1.2. Suppose thatf ∈ Diff 0 (R 2 ) and the rotation set ρ(f ) is contained in a line. If either of the two conditions below holds: (i) the line has rational slope and contains no rational points, (ii) the line contains a unique rational point and that point is not in ρ(f ), then the rotation set ρ(f ) is just a single point. (Here by a rational point we mean a point with both coordinates that are rational numbers.)
For comparison, let us paraphrase the conjecture of Franks and Misiurewicz inspired by the complete classification of the rotation sets for toral flows in [10] .
Conjecture 1 (Franks and Misiurewicz). Suppose thatf ∈ Diff 0 (R 2 ) is such that the rotation set ρ(f ) is contained in a line and either (a) the line contains no rational points, or (b) the line contains a unique rational point, which is not an endpoint of ρ(f ), then the rotation set ρ(f ) is just a single point.
Thus the two possibilities that remain open are when the line has irrational slope and either misses all rational points (case (a)) or contains exactly one rational point that sits strictly inside the segment ρ(f ) (case (b)). Ruling out the first possibility is particularly nagging as it would show that a periodic point free and area preserving 2 f ∈ Diff 0 (T 2 ) has a well defined rotation vector, i.e. ρ(f ) is a point. This can be deduced because such maps have no rational points in their rotation sets ( [6, 8] see also [12, 5, 17] ). We hope that our methods will ultimately lead to a resolution of the problem, and we offer Theorem 1.2 as a step in that direction. Let us also comment that the C 1 -regularity required of f is most likely an excessive assumption: our key estimates depend on mere quasiconformality of f . Homeomorphic counterexamples presumably exist although they may be quite elusive.
Our arguments break up into two parts: topological and analytical. The topological part hinges on the following result reminiscent of the Brouwer plane translation theorem (cf. [31, 7] and the references therein). In the context of Theorem 1.1, γ is a (0, 1)-loop on T 2 and γ, . . . , f n (γ) are ordered on T 2 in the same way as 0, α, . . . , nα are ordered on T -see Figure 1 .1. Furstenberg's classical skew-product example [26] , which is of the formf : (x, y) → (x + α + g(y), y + β) with ρ(f ) = (α, β), demonstrates that there may be no one γ such that f n (γ) ∩ γ = ∅ for all n ∈ N. The reason is that as n increases to ∞, f n (γ) gets smeared all over T 2 so that f n (γ) has to eventually intersect any fixed (0, 1)-loop. This highlights the fact that f need not be semi-conjugated to the irrational circle rotation R α : T → T. Nevertheless, our theorem shows that there is no combinatorial obstruction and such approximate semi-conjugacies exist in the following sense (resembling Rohlin's periodic approximation). Let p/q < α < p * /q * be a pair of Farey neighboring fractions approximating α, and let γ be the translation loop for n = q + q * − 1. Denote by J the annulus bounded by γ and f q (γ) and by J * the annulus bounded by γ and f q * (γ). By the standard combinatorics of R α , the family
covers all of T 2 without overlap (Figure 1 .1). It is now easy to produce h :
, γ, and f q * (γ) to R q (0), 0, and R q * (0), correspondingly. Such h nearly semi-conjugates f to R α in the sense that max p∈T 2 
From another point of view the translation loop theorem is a result on existence of renormalizations. The boundary curves of J ∪J * are naturally identified by f
, and the return map to J ∪ J * descends to a homeomorphism R J∪J * (f ) :
and constitutes a renormalization of f . In contrast to the renormalization described in [22] , this procedure engages only one coordinate of the rotation set and also applies to annulus maps (with a well defined rotation vector). Section 5 contains more details; however, a more systematic study of renormalization and a discussion of its position among other existing renormalization schemes is relegated to [23] .
Continued fraction approximation p k /q k → α yields a whole sequence of the associated renormalizations and raises a general question: Under what circumstances, the renormalizations converge, or are otherwise well behaved in some precisely defined sense? A sufficiently strong answer may as well secure conjugacy to the translation (but will not come easily, cf. [14]). A very weak answer, regarding only the conformal modulus of the renormalized tori, already suffices for the analytical part of the proof of Theorem 1.1. Concretely, the subadditive property of the conformal modulus shall guarantee that
where C is a universal constant (and mod(A) stands for the modulus of the annulus A in T 2 C/(Z + iZ)). This roughly means that the annuli of the partition (1.2) get thin as q and q * become large so that f resembles in some sense a skew-product of circle homeomorphisms 3 -for which the rotation set is a point, as we have already mentioned. This is of course a caricature of the actual proof and the success is not immediately obvious, if only because "conformally thin" is not necessarily "geometrically thin". We shall uniformize the larger annuli f j (J∪J * ) to A j := T×[0, a j ] ⊂ C and then consider the open cascade of mappings f j : A j → A j+1 induced by f . The family {f j } j∈N generally fails to be uniformly C 1 due to the unbounded geometry of f j (γ) -cf. Furstenberg's example -yet {f j } j∈N is manifestly uniformly quasiconformal. This facilitates the use of the quasi-invariance of the extremal length in order to bound the displacement of f j 's and to control the geometry of f j (J ∪ J * )'s -see Section 6.
Let us also briefly comment on the proof of the translation loop theorem. We study the suspension flow φ on T 2 × T T 3 for which the translation loop corresponds to the (0,
The key idea is to seek Γ as the intersection of a pair of global cross-sections Σ and Σ * (both being 2-tori). In the simplest case, such cross-sections are flat and lift to planes in R 3 . The complement of the two planes in R 3 constitutes four wedges, and at least one wedge is forward flow-invariant so that it contains the full forward orbit of the line of intersection of the two planes, which is a lift of Γ (cf. Figure 4.1) . Now, the narrower and more irrationally sloped the wedge, the longer Γ flows without intersecting its initial position, thus securing a substantial translation time (n). Of course, flat cross-sections may be unattainable, and we use the following topologically invariant definition to single out the pairs of cross-sections that generate translation loops. In this way, the key to the translation loop theorem is existence of an appropriate clean pair of cross-sections. Here, the individual cross-sections are readily supplied by the classical result of Fried [11] , and the bulk of the work is devoted to isotoping them into a clean pair. , we give a positive answer for triples of cross-sections to a flow on T 3 and, as a result, we discover the combinatorics of maps in Diff 0 (T 2 ) that have a well defined and non-resonant rotation vector. Apparently, the idea of exploiting the flow to shed light on the map (and not vice versa, as pioneered by Poincaré) has a lot to offer and goes beyond its simplest incarnation as the classical flow equivalence. At the same time, our arguments can and should be distilled into purely two-dimensional proofs -if only for the sake of freeing them from intuitive yet non-trivial geometric topology in R 3 used in Section 3. We have restrained from doing so to preserve the simplicity of the original geometric ideas.
Let us finish with a quick outline of what follows. A preliminary Section 2 reviews the interplay between rotation sets and flow-equivalence (reducing Theorem 1.2 to Theorem 1.1 in the process). Sections 3 and 4 demonstrate the translation loop theorem. Section 5 is a digression devoted to renormalization of torus and annulus maps. Section 6 contains the analytical estimates that combine with the translation loop theorem to establish Theorem 1.1. Section 7 gathers the general extremal length estimates needed in Section 6. Finally, Appendix 1 supplies some classical yet hard to find geometric topology needed in Sections 2 and 3.
Preliminaries on Flow Equivalence
In this preliminary section, we review the interplay between the maps in Diff 0 (T 2 ) and flows on T 3 with Fried's [11] serving as our main source. We also reduce Theorem 1.2 to Theorem 1.1.
For concreteness, we identify the real homology H 1 (T 3 ) with R 3 by choosing the basis made of the standard loops (in the coordinate directions). First, we suspend f ∈ Diff 0 (T 2 ) into a flow as follows. We embed the R 2 acted upon byf in R 3 as the (x, y)-planeS
and we embed the corresponding two-torus T 2 acted upon by f in T 3 as
We use a smooth isotopy joining identity to f to generate a flow φ :
There is the (unique) lifted flowφ : R × R 3 → R 3 ; and the lifts of f are given as T −1
We may as well assume thatf
Now, φ (as any flow on T 3 ) has its rotation set defined as the rotation set of the time-one-map in
/τ computed on any liftp of p (provided the limit exists). The homological direction of p under φ, as defined in [11] , is the projectivization [ρ(p, φ)] of ρ(p, φ) where
is considered an element of the collection of rays in R 3 with 0 added as an extra isolated point.
] it is determined already by the oriented foliation of the flow. Since φ is a suspension of f , 0 ∈ [ρ(φ)] and an easy computation yields
Another basic (and easy) fact is that conjugating
where A ∈ SL 3 (Z) is induced by the linear action of h on the homology H 1 (T 3 ) ∼ = R 3 . Now, recall that a cross-section to a flow is a codimension one smooth submanifold that is transversal to the flow and meets its every flow line. A cross-section Σ to φ is of course necessarily diffeomorphic to T 2 (because Σ × R is a Z-cover of T 3 and therefore Z 2 -quotient of R 3 ). The classical result of David Fried on existence of cross-sections (Theorem D in [11] ) reads in our context as follows. Theorem 2.4 (Fried) . Suppose that φ is a flow on T 3 and we are given an indivisible integer 1-cohomology class α, α :
, then φ has a cross-section Σ in the cohomology class of α.
Let us relate [ρ(φ)] and the rotation set of the return map to a cross-section Σ. Suppose that σ : T 2 → T 3 is an embedding and Σ := σ(T 2 ) is a cross-section to φ. We have the return map φ Σ : Σ → Σ and the induced map f ∈ Diff 0 (T 2 ) is
To recover lifts of f fromφ, fix some liftσ : R 2 → R 3 and setΣ =σ(R 2 ). Let u, v ∈ Z 3 be the images of (1, 0) and (0, 1) under the map induced by σ on the first homology. Let w ∈ Z 3 , be such thatΣ + w is the lift of Σ adjacent toΣ in the positive flow direction: i.e.Σ + w is the connected component of π Putting together Fried's theorem and formula (2.4) yields the following result. 
Reduction of Theorem 1.2 to Theorem 1.1 (via Corollary 2.5).
First, supposef satisfies the hypothesis (i) of Theorem 1.2, i.e. Λ = ρ(f ) is contained in a line y = s/r · x + c where s/r is a reduced fraction. Let s * /r * be a Farey neighbor of s/r so that rs * − sr * = 1, and take
is contained in a vertical line x = c and we are done by invoking Theorem 1.1. Second, suppose thatf satisfies the hypothesis (ii) of Theorem 1.2 with (p, q)/n being the only rational point on the line. The rotation set Λ :
is then contained in a line through origin, and 0
is contained in the line x = x 0 /y 0 and we may invoke Theorem 1.1 again.
Existence of Clean Pairs of Cross-Sections
We fix a C 1 -flow φ on T 3 and its liftφ on R 3 . Let p/q and p * /q * (with q, q * > 0) be any two adjacent Farey fractions such that p * /q * < p/q, which is to say that
Throughout this section, we assume that the homological directions of φ are contained in the wedge between (p, 0, q) and (p * , 0, q * ): 
. The goal of this section is to show that Σ and Σ * can always be adjusted to form a clean pair of cross-sections (as defined in the introduction).
Theorem 3.6 (Efficient Cut). Under the assumption (H) there exists a clean pair of cross-sections Σ and Σ * in the cohomology classes
Remark 3.1. If Σ and Σ * are initially transversal to each other, then the theorem will be shown by isotoping only one of the cross-sections (Σ or Σ * ) so that the other cross-section is left unchanged.
Proof of Theorem 3.6. Let Σ and Σ * be the cross sections in the right cohomology classes supplied by Fried's result. We fix smooth embeddings σ, σ * :
. We assume that σ and σ * are orientation preserving when T 2 is taken with the standard orientation and Σ and Σ * are oriented so that ω > 0 and ω * > 0. (Thus a positively oriented 2-frame tangent to Σ together with the vector field of φ forms a positively oriented 3-frame in T 3 .) By the Thom transversality theorem, a C 1 -small perturbation of σ and σ * can be arranged so that Σ and Σ * are transversal. Thus Σ ∩ Σ * becomes a 1-dimensional smooth closed submanifold of T 3 , and the classification of 1-manifolds asserts that Σ ∩ Σ * = Γ 1 ∪ . . . ∪ Γ r where each Γ i is a smooth embedded circle (a loop).
The embeddings σ, σ * induce monomorphisms on the homologies, σ 1 , σ * 1 :
, and we have
Thus the homology classes of
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use (where an appropriate orientation is put on Γ i 's). In this way, if r = 1, then Γ 1 is a loop with [Γ 1 ] H1(T 3 ) = (0, 1, 0), making (Σ, Σ * ) a clean pair of cross-sections. In the rest of this proof, we assume that r > 1 and show how to isotope σ * to diminish r by one without destroying the property that Σ * is a cross-section to φ. We shall consider two cases separately.
Case 0:
Consider then all the null-homotopic loops α i . Each such loop bounds a smooth 2-disc ∆ i in T 2 , and any two such discs are either disjoint or contained one in another. We may fix k with ∆ k minimal with respect to inclusion so that ∆ k is disjoint from all α i with i = k. Let also ∆ * k be the 2-disc bounded by For an open neighborhood U of B in T 3 , denote by U D the connected component of Σ ∩ U that contains D. To localize our isotopy, we shall need U satisfying the following conditions (see (
In fact, for sufficiently small > 0, the mutual transversality of Σ, Σ * , and the flow φ assures that U equal to the -neighborhood of B satisfies the above hypotheses (consult Figure 3.1) . We skip the routine proof.
We shall now deform Σ * inside U as follows. Take χ : T 3 → [0, 1] to be a smooth (bump) function with χ| U > 0 and χ| T 3 \U = 0. Let ψ : R × T 3 → T 3 be the flow φ with speed multiplied by χ, i.e.
Clearly, ψ is the identity outside U , and the orbit of φ starting at p ∈ U must hit ∂U (for otherwise its rotation vector would be zero by (i)). Consider ψ ∞ :
Combining (3.4), (3.5) , and the hypothesis (iv) establishes the claim (3.3). Now, claim (3.3) and (ii) yield
For large t 0 > 0, the above inclusion implies (by compactness) that
Hence, upon replacing Σ * with ψ t0 (Σ * ), the number of connected components of Σ ∩ Σ * drops from r to at most r − 1; and the modification does not change the cohomology class of Σ * because ψ t0 • σ * :
In this case all α i 's and α * i 's are of type ±(0, 1). In particular, α i 's cut T 2 into annuli. Consider one such annulus ∆ bounded by α i and α j . Denote by ∆ * the annulus bounded by α * i and α * j . (Note that there may be other α * k 's inside ∆ * .) Also, let A := σ(∆) and A * := σ * (∆ * ). Clearly, A ∩ A * = Γ i ∪ Γ j . Thus A ∪ A * is a smoothly embedded 2-torus in T 3 except for singularities along Γ i and Γ j . We claim that one can select ∆ so that the embedding sends the fundamental group of A∪A * to the cyclic subgroup generated by a (0, 1, 0)-loop. The idea -see Figure 3 .2 -is to make sure that Σ and Σ * intersect at Γ i and Γ j with opposing signs (in the sense of the intersection homology), which can be formalized as follows. LetΣ andΣ * be some connected lifts in R 3 of Σ and Σ * , respectively. In view of (3.1), the collection π
Γ i ) of all lifts of the loops Γ i can be written as
Therefore, since r > 1,Σ ∩ Σ * + k(p, 0, q) must have more than one component for some k ∈ Z. We may well assume that k = 0 (by an appropriate choice ofΣ * ). Let thenΓ i andΓ j be two distinct components ofΣ ∩Σ * . We may chooseΓ i and Γ j adjacent onΣ (in the sense that the strip betweenΓ i andΓ j inΣ is free ofΣ * ). The strips bounded byΓ i andΓ j inΣ andΣ * project to two annuli A and A * , respectively; both bounded by Γ i and Γ j . A ∪ A * is by construction deformable to Γ i (or Γ j ), which ends the proof of the claim.
In view of the claim, Alexander's theorem on torus embeddings (in the appendix) (i) U is a smooth solid torus that deforms to B in T 3 ; (ii) U A is an annulus and U A ∩ Σ * = Γ i ∪ Γ j ; (iii) U A cuts U into exactly two connected components, of which one, denoted by U − , is entered by the flow along
The flow is transversal through the 2-dimensional interiors
Again, we omit the proof that transversality of Σ, Σ * and the flow assures that U equal to the -neighborhood of B satisfies the hypotheses for sufficiently small > 0. We shall deform Σ * inside U to remove Γ i ∪ Γ j from Σ ∩ Σ * . Exactly as in Case 0, take χ : T 3 → [0, 1] with χ| U > 0 and χ| T 3 \U = 0; and take ψ :
is the first time φ t (p) hits ∂U , as forced for p ∈ U by the hypothesis (H). We claim that ψ ∞ (Σ * )∩Σ∩U = ∅. The corresponding proof from Case 0 goes through almost verbatim with D and D * replaced by A and A * -we skip it.
Finally, (ii) and the claim yields
For large t 0 > 0, we have then
is the sought after improvement of σ * , which reduces the number of connected components of Σ ∩ Σ * by at least two. This ends the description of the induction step and thus finishes the proof of the theorem.
Translation Loop from Clean Intersection
With a goal of establishing the translation loop theorem (Theorem 1.3), we shall consider now the suspension flow of f together with a clean pair of cross-sections Σ and Σ * in the cohomology classes of −qdx + pdt and q * dx − p * dt, as constructed in the previous section. The translation loop γ will be obtained from the (0, 1, 0)-loop Γ := Σ ∩ Σ * by flowing Γ to the original cross-section S = T 2 . Recall the guiding idea: the liftsΣ andΣ * bound a forward invariant wedge W + in R 3 -cf. Figure  4 .1 -so thatΓ =Σ ∩Σ * (a lift of Γ) satisfiesφ t (Γ) ⊂φ t (W + ) ⊂ W + for all t > 0 and so φ t (Γ) ∩ Γ = ∅ for a long time provided p, p * , q, and q * are large (i.e. W + is narrow). A more careful analysis of how W + projects to T 3 will explain the exact ordering of the iterates of γ.
For a precise formulation, we lift the flow φ, the cross-section S, and Γ to the suspension covering R 
The translation loop theorem follows by first conjugating f via a toral automorphism so that the line L containing the the rotation set becomes x = const (cf. Corollary 2.5) and then applying the theorem above to pairs of Farey fractions p * /q * < α < p/q that approximate α sufficiently close. The rest of this section is devoted to the proof of Theorem 4.7.
To ease our exposition, it is convenient to isotope T 3 so that Σ and Σ * become flat tori. This step is facilitated by a general Lemma 8.6 (in the appendix). Moreover, we shall change the basis in R 3 (and translate) so that the liftsΣ andΣ * of Σ and Σ * become the coordinate planes lin{(1, 0, 0), (0, 1, 0)} and lin{(0, 0, 1), (0, 1, 0)}, respectively. Technically, we are conjugating φ by the diffeomorphism supplied by the lemma composed with the linear automorphism L induced byL :
We shall suppress this conjugacy and use the old notation. 
Defineθ as the boundary ofH − ,θ
and observe that its projectionθ to the cylinder R 2 /T (q * ,−q) is an essential loop becauseH − is invariant under T (q * ,−q) . Finally, definẽ
where π R 3 /Λ : R 3 → R 3 /Λ is the natural projection. We set out to show thatΘ constitutes a cross-section toφ and the induced return map (conjugated tof ) has a natural translation loop. One easily observes thatθ is a staircase-like broken line: as we traverseθ from (0, q) to (q * , 0), the line can only step down vertically or move to the right horizontally (i.e. either x or −t is increasing); in the process, we encounter q + q * segments, denoted byθ 1 , . . . ,θ q+q * , with endpoints at the lattice pointsγ i :=θ i ∩θ i+1 , i = 0, . . . , q + q * − 1. Consult Figure 4 .2. In R 2 /Z(q * , −q), we have the corresponding segmentsθ 1 , . . . ,θ q+q * covering the loopθ and overlapping only at the endpointsγ 0 , . . . ,γ q+q * −1 . Therefore, by settinĝ
we get a covering ofΘ by q + q * annuli,Θ 1 , . . . ,Θ q+q * , with pairwise disjoint interiors. LetΓ i 's be the boundary circles of these annuli:
where i = 0, . . . , q + q * − 1 and indexing is modulo q + q * . (Γ 0 will be the sought after translation loop.) (i)Θ is compact and every flow line meetsΘ exactly once; (ii) the holonomyφŜ Θ :=φŜ|Θ :Θ →Ŝ is a homeomorphism; 
Proof. (i) Sinceφ is the lift of
This, in turn, easily follows from the staircase-like shape ofΘ, the flow's transversality to Σ and Σ * , and the forward invariance of the wedge W + . (ii) BothŜ andΘ intersects every flow line exactly once, so the continuous map φŜ|Θ :Θ →Ŝ is onto and one-to-one, and thus it is a homeomorphism by virtue of the compactness.
To show assertions (iii) and (iv) we establish the corresponding statements about θ and the lattice pointsγ i :=θ i ∩θ i+1 under the action of T (−p * ,p) −1 -see Figure  4 .2.
(iii) Observe that T (−p * ,p) −1 (θ) sits in H − (belowθ) because the definition ofθ is
Let U then be the bounded region trapped betweenθ and T (−p * ,p) −1 (θ). We claim that U has unit area. Indeed, since pq * − p * q = 1, the area swept in the parallel translation of the segment [(0, q), (q * , 0)] by the vector (−p * , p) is one; and it coincides with the area of U because (by vanishing of divergence) the flux of the constant vector field (−p * , p) is the same throughθ and [(0, q), (q * , 0)] (or any of their translates). Hence, U is a single lattice square. Therefore, all lattice points ofθ except for one -the upper right corner of U in Figure 4 .2 -belong to T (−p * ,p) −1 (θ). That the omitted lattice point isγ 0 , follows from T (−p * ,p)γ0 ∈ L + , which assures that T (−p * ,p)γ0 ∈θ. (iv) Let δ : R 2 /T (q * ,−q) → R be the quotient of the orthogonal projection R 2 → R along L. It is easy to see thatγ i 's are exactly the
. In view of (iii), there is a well defined
We have to show that {0, . . . , q + q * − 1} = {i 0 , λ(i 0 ), . . . , λ q+q * −1 (i 0 )} for some i 0 with λ q+q * −1 (i 0 ) = 0. Observe that because a > 0, λ has no cycles and, for any 0
is one-to-one and therefore onto. The i 0 := k −1 (q + q * − 1) has the desired property. 
Conclusion of the proof of Theorem 4.7. (i) and (ii) of Fact 4.1 secure the following commuting diagramΘφŜ
It is now easy to see thatγ :=φΘ(Γ 0 ) is the sought after translation loop with the required ordering of its iterates. Indeed, the homeomorphisms h asserted in the theorem can be constructed as follows. Let h f :Θ → T 2 be the composition of 
Renormalization
This section is a digression and the readers interested only in the proof of Theorem 1.1 should move on to Section 6 after reading Definition 5.2 below.
Definition 5.2. Given
is A-renormalizable iff there is a simple (0, 1)-loop γ such that f i (γ) In what follows, we attempt to shed some light on the definition by linking renormalization with flow equivalence. As we have already mentioned, a more complete discussion is relegated to [23] . 
only to leave viaΘ 1 ∪Θ q+q * ; let ψ :
Now, from diagram (4.8), f is conjugated to the map onΘ given by
and, therefore, the restrictionφŜ Θ |Θ 
Descending to T 3 , we see from the above formula that f Θ 1∪Θq+q * factors to the return map φ Σ∪Σ * . This shows that φ Σ∪Σ * is conjugated to f J∪J * -as we needed to prove.
To finish the proof, we have to argue that if f ∈ Diff 0 (T 2 ) is A-renormalizable, then the translation loop γ arises from the intersection of a clean pair of crosssections Σ and Σ * to the suspension flow (in the appropriate cohomology classes).
Consider now the 2-torusΘ = q+q * i=1Θ i . Because the ordering of f j (γ)
inΘ, one easily constructs a homeomorphism h :
and T t −q * +1 (Θ q+q * ), we can write
, leaves viaΘ 1 ∪Θ q+q * , and realizes g as its holonomy. This flow factors down to a certain flow φ on T 
is naturally conjugated to the corresponding return map (much like R J (f )).
Any map of the form
Before leaving this section, we note that doubling the annulus to a torus and applying Theorem 4.7 yields the following result. 
Rotation Estimates
This section contains the analytical part of the proof of Theorem 1.1. By virtue of the the translation loop theorem (Theorem 4.7) we may assume that f ∈ Diff 0 (T 2 ) is A-renormalizable for A = p p ** ∈ SL 2 (Z) where p/q and p * /q * constitute a pair of Farey neighbors approximating α. Theorem 1.1 follows by letting p/q and p * /q * converge to α and applying the following more precise result. 
The rest of this section is devoted to the proof of Theorem 6.8. In addition to f ∈ Diff 0 (T 2 ), we fix its liftf ∈ Diff 0 (R 2 ) and the translation loop γ ⊂ T 2 as in Definition 5.2. For specificity, we shall assume that q * > q.
Writing γ j := f j (γ), we take J j to be the closed annulus in T 2 bounded by γ j and γ j+q ; and J * j to be the closed annulus in T 2 bounded by γ j and γ j+q * (cf. Figure  1.1) . For j ∈ Z, set
Also, choose a liftŨ 0 of U 0 and setŨ j :=f j (Ũ 0 ). The ordering of (jα) q+q * −1 j=0 on T secures the following hypotheses for k ∈ Z.
• Covering Property:
• .1) with the extra requirement that p ∈ U 0 ).
Overlap Property is to be viewed in the context of the following variation on the superadditive property of the conformal modulus demonstrated in Section 7. (Below, we assume the standard identification of R 2 with the complex numbers C and consider T 2 = R 2 /Z 2 as the conformal torus T 2 = C/(Z + iZ).) If we denote
then the lemma applied to {U k+j } 
To proceed, we fix a (reference) point
and its liftq ∈ C. We also set, for j ≥ 0,
Our ultimate goal is to estimate the difference Im(f n (q))−Im(f n (p)) for anyp with π(p) ∈ U 0 . The idea is to first perform the analogous comparison in the intrinsic uniformizing conformal coordinates on U j 's (cf. Claim 6.1 ahead). To this end, we denote by B a the cylinder of (modulus a) obtained as the quotient of the strip
by the Z-action generated by z → z + i. For each j ≥ 0, let ψ j : B aj → U j be a homeomorphism conformal on the interior of B aj ; and select liftsψ j : 
The restrictions off j 's to the imaginary line line arẽ
Since ψ j are determined only up to rotation, we can impose a normalizatioñ
We introduce now, for K ≥ 1, a family F C K of maps φ satisfying the following conditions:
The corresponding family of restrictions to the imaginary axis is
We record the key property off j 's. This is a consequence of the following variation on the classical result of Mori. 
In particular, the rotation number ρ(G K ) = 0. 
Proof. Again, this depends on the following general bound demonstrated in the following section.
Lemma 6.3 (Shear Estimate
Indeed, from the lemma and the definition of G K we have
Now, (beside the already fixed q) we fix a point p ∈ U 0 and its liftp ∈ C. For j ≥ 0, we setp
We shall use that ρ(G K ) = 0 and a j 's are small to secure the following key claim.
Before proving the claim, let us see that Theorem 6.8 already follows via the following general lemma (again relegated to Section 7).
Lemma 6.4 (Isthmus Estimate
where Area is the Euclidean area of the annulus
Indeed, because the conformal mappingψ n :B an →Ũ n sends 0 and z n toq n and p n , correspondingly (and the area is bounded by that of T 2 ), the lemma combines with Claim 6.1 to secure lim sup
Theorem 6.8 follows immediately by arbitrariness of p ∈ U 0 and Fact 6.2.
Proof of Claim 6.1. We show only that lim sup j→∞ y j /j ≤ C(K, q * ) because the other inequality, lim sup j→∞ −y j /j ≤ C(K, q * ), follows by reversing the y-axis. Clearly y j+1 = Im(f j (x j + iy j )), so Fact 6.5 yields
Thus, if we define (t j ) ∞ j=0 recursively by
then the monotonicity of G K implies that
It suffices then to estimate the t j 's.
Since a j ≤ 1 and the Poincaré rotation number is a monotonic function of the circle homeomorphism (see e.g. [2] ), we have a trivial bound lim sup j→∞ t j /j ≤ ρ(G K ) + 2K. To improve the estimate, we shall use Fact 6.3. Fix an arbitrary ν > 0. From Fact 6.3, for any k ∈ N, we estimateà la Chebyschev's inequality:
For any n ∈ N, by dividing {1, . . . , n} into blocks of length q * , we conclude #{j : a j ≥ 8/νq * , 0 ≤ j < n} ≤ ν(n/q * + 1)q * . (6.6) Let M ⊂ N be the set of indices for which a k is small,
where · stands for the integer part. Because the modulus is a quasi-invariant and f j is K-quasiconformal, we have
By applying this ln q * 2 ln K times, we get for k ∈ M that
The definition (6.3) of t j 's implies then that
Now, write
(Here, |dz| = dx 2 + dy 2 .) In the more general case when Γ is contained in a Riemannian surface, one has to replace |dz| and dxdy by the length and area elements of the Riemannian metric. The extremal length is a conformal invariant and often can be readily computed. For instance, if Γ is a family of all rectifiable loops of homotopy type (1, 0) in the flat torus
, then λ(Γ) = 1 from the Grötzsch inequality (see [1] ).
Proof of Lemma 6.1. Our proof is an extension of the standard argument for superadditivity of extremal length as found in [1] 
If Γ j is to denote the family of all rectifiable arcs in V j connecting the two boundary components of V j , then the modulus a j of V j is given by
We shall think of ρ j as extended to all of T 2 by zero. Since multiplication of ρ j by a constant does not affect L Γj (ρ j ) 2 /A(ρ j ), we may assume that A(ρ j ) = L Γj (ρ j ). Let Γ be a family of all rectifiable loops of homotopy type (1, 0) on T 2 . Note that, given γ ∈ Γ and 1 ≤ j ≤ N , we have γ j ⊂ γ ∩ V j that belongs to Γ j because γ has to cut across V j for topological reasons. Set
where χ A stands for the characteristic function of the set A. Clearly,
For any γ ∈ Γ, the essential disjointness hypotheses imply
Therefore, the arbitrariness of γ ∈ Γ yields
a.e., and we can use the convexity of x → x 2 to estimate as follows
The combined inequalities (7.1) and (7.2) yield
where the last equality uses the normalization L Γj (ρ j ) = A(ρ j ). The arbitrariness of ρ j 's yields
Because λ(Γ) = 1, we are done. The existence of a clean pair of cross-sections in Section 3 depended on two intuitively obvious facts: a sphere embedded in T 3 bounds a topological 3-disk; a two-torus T 2 embedded in T 3 bounds a topological solid torus. These, however, are not easy to prove and require (cf. Alexander's horned sphere) hypothesis on regularity of the embeddings. For instance, it suffices to require that the embeddings are polyhedral or extend to bi-collar neighborhoods, which is the case for the piecewise smooth embeddings we encountered. Below we indicate how to deduce the results we used in Section 3 from readily available classical theorems. The reduction to the classical Schönflies Theorem [30] about embeddings into R 3 will be afforded by the following simple lemma from general topology, the proof of which we leave as an exercise. 
Lemma 8.5. Suppose π is an open and locally injective mapping (between metric spaces). If

